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Abstract

Frequency dependence of ac conductivity from 1 to 105Hz and time series of the conductivity at 2 kHz were measured along c-axis

of thulium nitrate crystal, Tm(NO3)36H2O at temperatures from 203.15 to 293.15K. The meta-stability was observed. The

frequency spectra of the conductivity were similar to those in disorder system. Aging effect was observed. Non-periodic instability

(burst) was found. Non-linear dynamical property was characterized by 1=f noise spectrum, limit cycle in return map and

dependence of correlation exponent on embedding dimension.

r 2004 Published by Elsevier Inc.
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1. Introduction

Meta-stable phenomena in non-crystalline materials
such as glass are amorphous and have been studied by
many authors [1]. Chaotic phenomena were discovered
in many non-linear systems such as chemical oscillations
[2], hydrodynamics [3], and magnetic responses in
ferromagnetic materials [4]. However, there has been
only a small amount of information about chaotic
behaviors associated to the meta-stabilities in pure
crystalline one.

The rare-earth nitrate crystals R(NO3)36H2O where R

is rare-earth element, are triclinic symmetry with the
space group P%1; and the crystal symmetry independent
of temperature above 193K [5]. We have measured
successively the electric properties between 203.15K and
room temperature in rare-earth nitrate crystals, and
found meta-stable phenomena having non-ergodic non-
linear property [6].

By the measurements of time series for the ac
conductivity at 2 kHz, non-linear dynamical property
having deterministic chaotic one were found in the rare-
earth nitrate [7]. The distinct intermittent non-periodic
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oscillations (bursts) were observed [8]. The dependence
of the rare-earth element on the time series of the
ac conductivity was found in the rare-earth nitrate
crystals [9].

However, the meta-stability in the rare-earth nitrate
crystal was not known sufficiently. In the present paper,
to clarify the characteristic phenomena, we have
measured frequency spectra of the ac conductivity in
the frequency region, 1Hzpnp105Hz, for several
samples having different ageing periods, and the time
series of the conductivity at 2 kHz, at temperatures
203.15KpTp293.15K along c-axis of Tm(NO3)36H2O
crystal. The results have been given and discussed.
2. Experimental

The crystal used for the present measurements was
grown in a thulium nitrate aqueous solution by
decreasing. To observe the aging effect on the electric
property of the crystal, three specimens, A1, A2 and A3,
were prepared from the same mother crystal at different
aging period. The effect was measured for the sample A1

in the time range from 93 to 1546, for A2 in the range
from 2409 to 2766 and for A3 in the range from 3879 to
5003 of the aging periods (hours) from the crystal
growth, respectively.
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The dimensions of the samples A1; A2 and A3 used for
the measurements of the frequency spectra for the ac
conductivity and those of the sample B used for
measuring the time series of the conductivity were given
in Table 1, respectively. The contact electrodes used in
the measurements were made with silver paste (Tokuriki
Chem.Inst.P255). The good qualities of the electrodes
and the specimens have been kept at the final stage of
the experiment [16].

The ac conductivity spectra in the frequency region
from 1Hz to 100 kHz were measured by using a
computer-controlled auto-phase digital lock amplifier
(EG&G Princeton Applied Research, Model 5210).
Time series data on the ac conductivity at 2 kHz were
measured by using the digital lock-in amplifier and an
analog memory recorder (YOKOGAWA, AR1100).

The conductivity was measured at the sensitivity
within 710�11O�1 cm�1. All the measurements were at
Table 1

The dimensions of the samples, Tm(NO3)36H2O, used for the present

measurements, in thickness (cm) and in area (cm2)

Sample

Tm(NO3)36H2O

c-axis

cm in thickness

(70.005)

cm2 in area

(70.005)

A1 0.113 0.181

A2 0.536 0.132

A3 0.337 0.035

B 0.036 0.233

Fig. 1. The real part s0 of the complex conductivity s� at 1 kHz along c-a

203.15K in cooling (K) and heating (J) of five measuring runs.
isothermal condition (at temperatures), controlled by the
computer within 70.1K in sequential measuring runs.
At each temperature, with a sampling time of 50ms,
5000 data points were collected for the time series data.
3. Results and discussion

3.1. Temperature dependence of ac conductivity

Fig. 1 shows the real component s0ðTÞ for complex
conductivity s� (s� ¼ s0 þ is00) along c-axis of
Tm(NO3)36H2O at 1 kHz in a semilogarithmic scale at
temperatures T between 293.15 and 203.15K in cooling
and heating cycles of five measuring runs (1)–(5) for the
sample A3 in Table 1.

As seen from Fig. 1, the values of s0ðTÞ in cooling and
heating cycles of run (1) show appreciable temperature
variation of s0ðTÞ with thermal hysteresis in the region
between 283.15 and 203.15K. The temperature varia-
tion of s0ðTÞ as found in the following runs (2) and (3)
was attributed to an existence of meta-stable phase in
the crystal. In the subsequent measuring runs (4) and
(5), the behaviors of s0ðTÞ were unable to be observed in
the temperature range, and corresponded to the
disappearance of meta-stable phase.

Detailed behavior of meta-stable phase in other rare-
earth nitrate crystals was dependent on the rare-earth
ion R3+ in R(NO3)36H2O; non-periodic oscillation of
appearance for meta-stable phase in Sm(NO3)36H2O [6];
xis of Tm(NO3)36H2O crystal at temperatures T between 293.15 and
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rapid disappearance of the phase in La(NO3)36H2O [10],
Nd(NO3)36H2O [11], Tb(NO3)36H2O [12] and ErðNO3Þ3
6H2O [13]; asymptotic disappearance of the phase in
Gd(NO3)36H2O [14]; complex behavior appearance of
the phase in Eu(NO3)36H2O [15] and Yb(NO3)36H2O
[16].

3.2. Frequency spectra of ac conductivity

Fig. 2 shows the frequency dependence of s0ðnÞ in the
logarithmic plane within the range 1Hzpnp105Hz at
several typical temperatures 283.15, 273.15 and 233.15K
in cooling (1) of the first measuring run and at 203.15K
in cooling (5) of the fifth run. The values of s0ðnÞ
increase with slowly continuous curvature by increasing
frequency n at 273.15 and 233.15K in cooling (1), where
temperature variation of s0 was observed in the run. As
also seen from Fig. 2, the frequency dependence of s0ðnÞ
was represented by the power law s0pns; where n is
frequency and s is frequency exponent. The value of the
exponent s was derived by calculating the local slope
�q ln s0ðnÞ=� q ln n for the spectra of the conductivity.
The exponent s in the frequency region
104Hzpnp105Hz is given as a function of temperature
T in Fig. 3 for the first and the fifth measuring runs.

As seen in Fig. 3, the value of s decreases and is nearly
equal to 0 for meta-stable phase. The value sp1 has
been found in a frequency-dependent conductivity in
disordered materials, such as an amorphous semicon-
ductor and glass material [17]. The behavior of s0ðnÞ in
meta-stable phase is similar to that of the nearly
constant loss in ionic conducting glass [18].

3.3. Dielectric relaxation process

Diagrams of complex conductivity (s00 against s0) are
given in Fig. 4 at several temperatures in cooling (1) and
0×10
0×100 5×10-8 1×10-7

σ' (Ω-1 cm-1 )

Fig. 4. Representation of the frequency spectra for the ac conductivity

on the complex plane of the conductivity at 283.15, 273.15, 233.15 and

203.15K in cooling (1) and (5).

100 101 102 103 104 105
10-11

10-10

10-9

10-8

10-7

' (
-1

cm
-1  )

� (Hz) 

233.15K in cooling(1)

273.15K in cooling(1)

283.15K in cooling(1)

203.15K in cooling(5)

ρ
Ω

Fig. 2. Frequency dependence of the conductivity s0 along c-axis of

Tm(NO3)36H2O crystal at several temperatures in the cooling (1) and

(5) of the measuring processes.
(5). Larger semicircles are observed in the diagrams at
all temperatures in the measuring cycles, and smaller
circle at 273.15 and 233.15K in cooling (1). The double
circles were only detectable on the complex plane at
temperatures in run (1), for meta-stable phase.

The semicircles in the figure were attributed to a
dielectric relaxation process [19]. In Fig. 4, the centers of
the circles lie below the s0-axis. The property of the s�ðnÞ
is classified into a polydispersive relaxation process with
a distribution of relaxation time [20]. The complex
conductivity s�ðnÞ with the polydispersive relaxation
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process could be expressed by

s�ðnÞ � sN
s0 � sN

¼ 1

1þ ði2pntÞb
ð1Þ

in which the adjustable parameter b indicates the degree
of the distribution of the relaxation time t: If b ¼ 1 in
Eq. (1), the relaxation process is Debye type and the
relaxation time is single. The values of b; s0 and sN in
Eq. (1) were derived from the numerical data of the
frequency spectra for the conductivity in these ranges of
temperatures [11].

The larger circle is assigned to the frequency variation
of s�ðnÞ in the higher-frequency range 104Hzpnp
105Hz, and the smaller one to that in the lower-
frequency range 104Hzpnp102Hz. Figs. 5 and 6 show
temperature dependence of the parameters b and the
relaxation times t derived in both the lower- and the
higher-frequency regions, respectively, at temperatures
from 293.15 to 203.15K in cooling and heating cycles of
runs (1) and (5).

In meta-stable phase, there was polydispersive relaxa-
tion process having both the relaxation time t of 10�2–
10�3 s and bo1 with thermal hysteresis. In both stable
and meta-stable phases, on the other hand, there
was mono-dispersive relaxation process with t of
10�7–10�8 s and bB1:0:

The relaxation times tðTÞ of 10�2–10�3 and 10�7–
10�8 s are longer in comparison with those of 10�10–
10�11 s in the dielectric relaxation process for the
ferroelectric crystals having the dynamic response of
molecular dipoles [21]. The relaxation processes are
related to the characteristic structure of the rare-earth
nitrate [5,19].
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Fig. 7. The dependence of the real part s0 of the complex conductivity

at 1 kHz on the ageing periods at 208.15K, where the aging period is

defined as the time elapsed after the mother crystal was grown.
3.4. Aging effect

In the subsequent measuring runs, however, the
similar behaviors were unable to be observed in the
temperature range. In the temperature region,
To208:15 K, s0 are almost independent of the tempera-
ture in the subsequent courses of the measuring runs.
The behaviors of s0 at 208.15K are normal in the
subsequent measuring runs; in Fig. 7 s0 are plotted as a
function of aging periods. The time given in this figure
represents the elapse of time measured from the time
when the virgin crystal was taken out from the solution
of the thulium nitrate. As found in Fig. 7, the value of s0
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shows stepwise variation at the period of about
2� 103 h.

In Fig. 8, the values of the frequency exponent s at
208.15K are plotted as a function of the ageing period.
The value of s shows independent on the ageing period
in the figure.

In Figs. 9 and 10, the values of b and t in the stable
relaxation processes at 208.15K are plotted as a
function of the ageing periods from the crystal growth
till the measuring run. From Fig. 9, the values of b
approach to 1 as the ageing periods increase. The
variation of t in the ageing process is seen in Fig. 10. The
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Fig. 8. The frequency exponent s for the power law of the frequency

spectra of the ac conductivity at 208.15K as a function of the ageing

periods t (hours) after the crystal growth.
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Fig. 10. The relaxation time t at 208.15K as a function of the ageing

periods t (hours) after the crystal growth.
relaxation time t is a parameter to characterize the
dynamical property of the fluctuation in the materials
[20], and hence the fact would be attributed to the
variation in the mechanism of the fluctuation in the
ageing process.

The aging phenomenon from the meta-stable virgin
crystal state to the stable state was classified to a slow
structural relaxation process [22]. The phenomenon was
caused by the memory effect, and attributed to a non-
equilibrium behavior as known in glassy systems [23].
Examples of the behavior have been found in lanthanum
nitrate and terbium nitrate crystals [10,12]. Conse-
quently, the aging effect observed is related to non-
equilibrium structure of these crystals.

3.5. Time series of ac conductivity

Fig. 11 shows the time-dependent fluctuation Ds0ðtÞ in
the real part s0 of the complex conductivity s� along the
c-axis of the Tm(NO3)36H2O crystal at several tempera-
tures in cooling cycles, where Ds0 is given as Ds0 ¼
s0 �/s0S: The value of /s0S was average in 5000 data
points of s0 at the temperature. The set of the data Ds0 is
represented by {Ds0}. As found in Fig. 11, non-periodic
unstable oscillations (bursts) were found in the time
series data {Ds0} at 223.15 and 203.15K in cooling,
respectively.

The probability distributions of the fluctuation {Ds0}
in the conductivity show continuous line shapes. The
power spectrum densities were derived from the time
series data {Ds0}. Fig. 12 gives a function of the
statistical frequency for the power spectral density at
several temperatures in the cooling cycle.
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In Fig. 12, the power spectral densities of the
fluctuation {Ds0} at temperatures show random broad
peaks in the statistical frequency region from 1 to 10Hz,
and continuous line shape below 1Hz. In the frequency
region 0.1–1Hz, the continuous part of the power
spectra is proportional to 1=f a; where f is the statistical
frequency given in the power spectra and a is exponent
of the power law. The values of a were derived by
calculating the local slopes of the power spectra in the
frequency region at temperatures 203.15KpTp
293.15K. The temperature dependence of the exponent
a is given in Fig. 13 for cooling and heating cycles of the
measuring run. In Fig. 13, the exponent of a is
approximately aA1 in the temperature region and the
power spectra assigned to 1=f noise [24].

3.6. Non-linear dynamical property

The noticeable non-periodic unstable oscillation (the
burst) was the time series data {Ds0} at 223.15K as given
in Fig. 11. Non-linear dynamical structure of the data
was analyzed in detail. As seen in Fig. 14, the time series
data of Ds0 were characterized by two different time
domains (a) and (b); the time series data points between
135 and 155 s (500 data points) are assigned to unstable
fluctuation time domain (a); the data points between 225
and 250 s (500 data points) to stable non-periodic time
domain (b).
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Fig. 14 gives one-dimensional return maps for the
phase portrait, Ds0ðk þ 1Þ vs. Ds0ðkÞ; constructed in two
different time domains (a) and (b), respectively. The
Ds0ðkÞ is the value of Ds0 at an index k ordered from the
starting point in the time series data {Ds0}. The return
map in the time domain (b) shows a circle pattern
overlapped as seen from Fig. 14(b), on the other hand,
apparent limit cycles can be found in the time domain
(a) from Fig. 14(a).

The obvious limit cycle was observable in the
measurement of time series of the electric properties of
Tb(NO3)36H2O [8], but not in the light rare-earth
nitrates, Nd [25], Sm [7] and Eu [26]. The limit cycle
has been found in the non-linear and non-equilibrium
systems such as Rayleigh–Bernard convection [2],
Belousov–Zhabotinski reaction [27] and laser oscillation
[28].

The non-linear dynamical property of the system was
specified by a fractal dimension derived from N data
point of the time series by using the simple procedure of
Grassberger and Procaccia [7,29]. For a arbitrary
embedding dimension n; the s0i and s0j are pseudo-
vectors defined by

s0i ¼ s0ðt þ itNÞ; s0 t þ ðiþ 1ÞtNð Þf ;y;

� s0 t þ ðiþ n � 1ÞtNð Þg; ð2Þ
where the value of tN is a fixed time increment between
successive measurements. In the present measurement,
tN is corresponded to the sampling time, 50ms. Spatial
correlation of the attractor embedded in a phase space
of n-dimensions is defined by

CðrÞ ¼ 1

N2

XN

i;j¼1

yðr � js0i � s0jjÞ; ð3Þ

where yðxÞ ¼ 0 if xo0 and yðxÞ ¼ 1 if x40: The
correlation integral, CðrÞ; of the attractor embedded in
the phase space of n-dimensions counts the number of
pairs whose distance js0i � s0jj is smaller than a given r:

The values of the correlation integral CðrÞ were
calculated for the time series data {Ds0} at temperatures
by using the supercomputer (SR8000, Hitachi) of
Hokkaido University. The correlation integrals CðrÞ at
223.15K in cooling cycle are shown in Fig. 15 for the
embedding dimension n ¼ 1?20: The correlation inte-
gral CðrÞ behaves as power of r for small r: CðrÞprd ;
where d is a correlation exponent. The values of the
correlation exponent d at each embedding dimension n

were derived from the slope of ln CðrÞ vs. ln r:
Fig. 16 shows the dependence of the correlation

exponent d on the embedding dimension n; given as
dðnÞ; at the temperatures in heating cycle, respectively.
The straight line d ¼ n is assigned to the case of the
random noise. As seen from Fig. 16, the values of the
correlation exponent d at 223.15K in cooling cycle
reache asymptotic ones as the value of the embedding
dimension n increases.
4. Summary

The phenomenological structure of the meta-stability
for the rare-earth nitrate crystals was studied by
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measuring the electric properties of Tm(NO3)36H2O
crystal. In meta-stable phase, the frequency response of
ac conductivity was expressed by power law having the
value of the exponent s; 0psp1 as seen in the
disordered system. Moreover, the meta-stable slow
dispersive relaxation process emerged. The ageing effect
on the value of the conductivity and the relaxation time
was found.

The burst (non-periodic-instability) was observed in
the time series data of the conductivity. The limit cycle
was seen in the return map constructed from the time
series data. The dependence of the correlation exponent
on the embedding dimension was saturated, and hence
the possibility of the chaotic character in the physical
properties of the crystal with the meta-stability.

These results in Tm(NO3)36H2O specified the ultimate
earmark for the meta-stability in the rare-earth nitrate
crystals.

The meta-stability in the rare-earth nitrate crystals
depends on rare-earth element [9]. The origin of the
meta-stability in the rare-earth nitrate crystal could be
attributed to non-linear dynamical microscopic char-
acteristics of the rare-earth element. To deepen under-
standing of the meta-stability, it is necessary to measure
the physical properties of the crystal in ultra low
temperature region where the quantum mechanical
property is dominant.
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